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~‘fields in the limit of small wedge apex angle at the interface between the slab
and the wedge.

Using numerical techniques, the TE surface fields and the far field radia-
tion patterns are determined for different dielectric materials, wedge lengths
and slab widths. It is observed that by decreasing either the relative per—
inittivity of the dielectric or the slab width or by increasing the wedge length
a more directive antenna pattern results.
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ABSTRACT

A method of analysis of an integrated dielectric sl~t h wav e gu t d t  and

wedge radiator is presented . Plane wave constituents In the slab ~re

assumed to ex c i t e  the d i e l e c t r ic  wedge . The solution In the wedge is pos-

tulated to  be ~ f i n i t e , c o n t i n u o u s  spec t rum of p l ane  wav es .  R e f l e c t i o ns

ct these waves from the wedge boundaries are taken into account by intro-

ducing angularly dependent Fresnel reflection coeffi cients i n to  the  in t e —

grands of the plane wave integral representations. These integrals reduce

asympto t i cal ly  t o  the d i e l e c t r i c  s lab f i e l d s  in the limit of smal l  wedge

apex angle at the interface between the slab and the wedge.

Using numerical techni ques , the TF. su r f a c e  f i e l d s  and the field ra—

diation patterns are determined for different dielectric materials , wedge

Lengths  and s lab  w i d t h s .  I t  is observed that by decreasing either the rela—

tive permittivit y of the dielectric or the slab width or by increasing the

wedge length a more directive antenna pattern results.
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The curr5nt j v:i i l5ibi I itv of low loss s i l i c o n  has  n r o v i d e d  the ca nih i 1—

t t  v of  co n s t r u c t  f a g  m i n i a t u r e  t n t e e ~r a t e J  wavoguide and in t enna devices. Such

devices  are of interest to 1 . 5 .  \ r m v  s c i e n t i s t s  f o r  use in the milli m eter

wave ’ : r l n s m i t t o r s  and rece ive rs ~e’ing 1.ev e’iopc l to i mp r o v ~ d a t a  t r a n s m i s s io n

rates [ IJ  . S m o e ’ the antenna struc tures ander considerati on ire constracted

f r o m  d i e l e c t r i c  m a t e m t a l s  ~st l icon~ , they are taaert’el to improve their radia—

t : ‘n  ch a r  i c t e r i s t  l o s  ( i n c r e a s e d  p a t t e r n  d i r ec t i v i t v  and lower  side lobe leveI s~

o v e r  a w ide frc;uencv ban ! ( l—~ . A l t h o u g h  rigor us theoretical approaches to

study tapered diele ’ctric structures in nn incl p le are av a i l a b l e  [ l 2 , 1 3 } ,  the

sol ar ion t o  t h e ’ d i e l e c t r i c  we dge  p r o n l e m  has not l ’een worked out  in detail.

Tapered dielectric geometries have been analyzed using local mode type

theories [6—ll~~. in these theories , tu e guided wave characteristic s of a

tapered structure ire determined from the ‘orresponding waveguide characteris-

tics of the untapered structure. A first order solution based on Shevchenko ’s

ri gorous approach (121 yIelds local mode results. loth Marcuse (5 ,9] and , to

f irst order , Shevchenko (12] obtained approximate solutions for the field along

a t ,ioered s lab  waveguide  j o i n i n g  two d i e l e c t r i c  s labs  of d i f f e r e n t  heig h t s  in

terms of a l oca l  s u r f a c e  wave by us ing a comp l e t e  set of t r a n s v e r s e  mode f u m e —

Ilons and nresented different methods for d e t e rm i n i ng  the  expans ion  c o e f f i c i e n t s .

g a l l in g  (6 , 7 , 13 1 examined the near  iri d f a r  fields ~f a line source iinbedded in

an infinit e two—dimensional dielectric wedge . He comp ared a 1.~K3 so lu t ion  to

a more i c c i t r i t o  one based on plane wave superposition integrals which allowed

f o r  ray o p t i c - i l and l a t e r a l  ray interpretations. M eth o d s  us ing  raY op t i c s  to

determine asympto t ic  ( r ay )  mod a l  f i e l d s  in n o n— r a d i a t i n g ,  n o n — u n i f o r m  or

-.
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t ipe ’re’.i O c = ’me ’ t  r t e s  ( w t t h  = i i a : , I r ’ :  c o n d i t i o n s  wh ich a l  low solii t ions to ne on—

tjtOe,l ‘v sepa r it ion o t  ‘.‘aniahl5 ’ techn i~ ues ) have been thoroughl y S t n d t e ’ l  b y

M a u r er  and Fe I Sefi [15—1 5 J . :he  I r appro~ c ii • how ever . does riot app lv 21 r o o t  l v

t o  the JIo l ectr ~~c wedge. ares E 5 J  confirne~: :h~ conclusion of Mau r er  m d

i”’ I se:t thjt source— free modal so tut ions  for die le’C r Ic we,I~ e st r~i tur es can-

not he c o:~s true t od  . “he r i cc rotis , Fi t  11 ‘
~ave aap r ’ m c  li of ht:ia r [ 1 3 ]  can  be

used  t ’  study the wedge pr oblem , b ut it is ext rornelv d ifficult. Shevc1.menko’s

r i g or o u s  amproach (12], which is simi ,ir to Bahar ’s,would requir e higher order

term s to ‘c .m~ :) I touSle t~~ the wedce proS! e’” \n excel lent survey of work done on

the  dielectric wedge pr ob lem can “~ foun d  in Balling ’s dissert ation (n].

The m et  hod of ama ivs present ed he re • w~’ i oh arovides meaningful p hvs i—

oil rns i ght :nro the wave processes takin g nlace in a dielectric slab—wedge

inte grated s t r u c t u r e , is based on the work of Maurer and Siwiak [19 ,20]. iii

that theory , a finit e wedge s eg m en t  is  e x c i t e d  l v  a s ing le  s lab  mode.  The

field in the djel~ ctr ic wedge region is inferred from tn integral representa-

tion of a Hankel function whose asymptotic form c ’ioselv matches the ray struc-

ture of the slab mode in the common reg ion between the slab and wedge. Inter-

preting t h i s  asymptotic solution in terms of rays leads to a ray—tracing proce-

dure whereby rays are multi ply reflected from the wedge walls. The amplitude

and phase of the reflected raY fields are assumed to he altered by Fresnel

reflection coefficients. From this ray field an approximate expression for

the actual field on the wedge surface is then formulated in terms of a series

of i n t egr a l s  wh cg e in t e gr an d s  c o n t a i n  saddle  p o i n t s  or s t a t i on ar y  phase p o i n t s

ass oc i a t ed w ith these ray trajectories (i.e.. are obtoined from saddle point

conditions which s p e c i f y  the m v  structure). Very little numerical data was

obtained due to limi ted compu ta t i ona l  c a p a b i l i t y  and a n o n — o p t i m a l  choice ~f



c o m p l e x  tat e g r i  t ‘n ‘at hs . F u r t  b or ne  t o  • t r i o  t ingont iii  “..Io ’ o ’  r ic f i e l d  ‘n he’

~e ’~~ge ~.u r : , t c e  and r h o  m r  ie’ L d s ’~’er e ’ not  f o r ” : u l m t e d . A: t o t  clue : : m t  r a g  in

~ ‘ ‘it end ing the ~‘o r’.’ to in c I U ae ’ a 11 t i n Ocnt Lii f Ic I i  components on the wedge

sur face a~ d : o m u I,i t inc a more ef  f ic i~’nt tuner i 0,1 1 scheme which reduced con—

r u t  a t  jona 1 lone by one—t o— two or le r s ci mugn r tude , h~’ we t go ’s surf ace f j el l

m a d  direct ive gain were snow-n t o  possess ,ippr~ nr i m t e  phv s tcal charac te ristics.

.nese inc lu de ’ wedge sum: ice fields whose in t onsi t Ic’S peak while phase ‘.‘uria—

ions rn ,Ircate the I i u n c h i a g  of rat iat jon and n d— f ire rid jar ion patter ns which

I . ’ :ome more d i r e c t i v e  as the wedge le n g th , r e l at  ive t o  wavelength , is increased.

Since  we a re  interest ed in a dielectric s lab  wave~~u i d e  feeding a di—

o ec t  r i o  w e d g e  l at o :i r i . the mou,il solut ion  of t he  i n f i n i t e  d i e l e c t r i c  slab is

r e l e v ant  and is r e v i e w ed  in S e c t r o n  2 .  In S e c t i o n  3 , a r a y — o p t i c a l  s o l u t i o n

in a wedge g e o m e t r y  is p r e s e n t e d .  It is necessa ry  to h e f a m i l i a r  wi t h t h i s

s o l u t io n  in or de r  to understand the construction , in Section 3 , of the p lane

wave inte cral representation for the field in a dielectric wedge . Nur..erical

results are discussed in Section 5, wherein comparisons are made between the

above plane wave integral approach , the local mode approach of Schering [11],

and experimental near field measurements made by Maurer and fepen [11].



2. THE DIELECTRIC SLAB

Since the intended purpose of this study is to examine the guidance

and radiat ion propert ies  of a d ie lect r ic  wed ge fed by a d i e l ec t r i c  slab

waveguide , it is convenien t , first , to review the field structure of the

infinite dielectric slab in detail.

Exact Modal Solution

The guided mode structure of the dielectric slab waveguide is well

known [22 , 23] .  Consequent ly ,  pe r t inen t  resul ts  will  be presented without

detailed derivations. The geometry of an infinite slab waveguide is de—

pic ted j~ Fig. 1. Region A ( I x I  < d , y l  < ) is occupied by a non—

magnetic dielectric of relative permittivity E
r wh ile reg ions B

± ( x~ > d ,

y~ < ) are free space. Since the geometry is invariant with the z—coor—

dinate , the spatial dependency of the source free field structure it

supports is taken to be independent of the z—direction . A time dependence

of exp[— ii~j t ]  is assumed and suppressed. Of interest  is the lowest order

even TE — mode.

For modes TE to y,  Maxwell’ s f ield equations yield the componen t se t

(E
r, H , Hy

)~ The electric field component satisfies the two—dimensional

red uced wave eq uation

( 3 + ~~~ + k 2 Er ) E ( x ,y)  = 0 (2 .1)  
F

while the magnetic field components follow from the relations

H = -—i--- —
~~

- , H = ~ L.. —m-~’ (2.1 a)
X 1L)~ 3y y ii4i dX

~~ ~~~~~~
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The ,mmp lit udt’ t’onst ants ~~t i’ in 2 . .1 ‘I and ( .‘ . 1) hay’’ ht ’e’n chosen to

s i t  1~~t v e ont inn  i t  s of the E component m- r oss t he’ a I r — I  l e’ l e ’t ’ t r I c  In to  r—

t i & ’OS at X d t ent m u  I t  v of the ’ tangent magnet Ic t I Id components

H .m t x — d v ie 1 d s the ei c,&’nv m I iii’ equation
V

tan k d -‘i-

x k
‘i

In add i t  ion , the  above cent m u  I tv comli t ions  repi I r ,’ t h e v—dir ected pr o—

pagat  ion c o nst an t  k in the  d i i ’ t ee  t r i~’ and i n  t h e  f r ee  space t o  b~ I h en—

t i c a l .

By rep  I a c i n g  the  ,‘os In c  func  t I on In ( 2  . 2)  by exponent  l m l  I unc t i otis .

the  f i e ld s o l u t i o n  can then he i n t e r p r e ted  as .i s u per p o s i t io n  of t he  two

p l an e  waves , one progre  1 rig u p war d  t o war d  t he  i nt e r ~ i c m ’ i t  x + d an d

the  o t h e r  p r o g r e ss in g  downward t oward  t h e  in t e r fa c e  i t  x — — d .  Hence ,

we may w r i t e

+ E

with

~1k x + 1k v
— ( A / 2 )  e

It Is apparent from (2. ~‘ i )  that these plane waves imp in ge on t h e  inter-

fa ces  it angl e’s w ~~
, measured to hit  Ly e t o  i surt ice normi l , given by

t a n  - k 1ky x

Since the ’  modal f ie l d  t ak es  the f o r m  of  i s up er p o s it  ion of two p lane

waves, one Inc [dent  and the  othe r r e f  lee’t cd frt ~~ the •mt r —d ie’i e c t  r i o

— I’—

— -- - 
- -~~~



bou n d ar i e s , i t  is q u i t e ’ n a t u r a l  t o  i n t r ~~ uce re f  loot  ion , ‘oe f t  i c i t ’nts

at  both  the upper (4- ) and lower ( — )  wa l l s  of the  slab. Thus , it x d ,

( 2 . S) give s the reflection c oe fficient

— i ~ k d
E / E ~ e 

- 

~ — ‘

From ( 2 , 3) and ( 2 . 7 ) , i t  then follows that

1 - jct /k
— 

x x 
(

_‘ 81- ,

x x

which by using (2.2,t) , (2.3 a), and (2.6) yields the Fresnel ref lection

c o e f f i c i e n t  fo r  a p e r p e n d i c u l a r ly  p o l a r i z e d  i n c i d e n t  p l ane  wave

= = 
co s w~— , ’ [/ c ~ - I ( 2 . °)

cos wt +V’ i / c  — sin 2 wi

The ei genvalue equa t ion  ( 2 . 4 )  s p e c i f i e s  d i s c r e t e  values  fo r  the

separa t ion  cons tan t s  k , k and ~ , which in turn yields from (2.6) dis-

crete p r o p ag a t i o n  dir e : ti on  angle  wtm . By combining (2.2a) and (2.3a) with

the ei genvalue equa t ion  ( 2 . 4 ) ,  i t  fo l lows  that k d  s a t i s f i e s  the r e l a t i on -

sh ip

(k d) 2 sec 2 (k d) — (k d)~~(c  — I )  — 0 . ( 2 . 1 0 )

Sinc e we .lre in te res ted  in s i n g l e  node p r o p a g a t i on , the f i r s t  •~er~’ of

( 2 . 1 0 )  Is needed and was found by u s i n g  the Ne wt on—Raph son  method ,

One can show tha t  the exact  modal so lu t ion  g iven by ( 2 . 2 )  can he de—

rivet! u s ing  the concep t s  of r ay  op t i c s  [ I  ~ , 13 , 2 4 1 , w h i ch  ar e  f o r r i a l l  pre-

s e n te d  in Arpt ’ r t ’ I i x  A. For p r o p a g a t i n g  in the ’ +v d i r ect i on , t he r a y — o p t  i o u

s o l u t i o n  takes  the  form of the two p l an e  waves of equal  am p l i t u d e  given by

3

_•,_ ,—‘- --—— - ‘ .— - - ‘ . .—“- .--. 
~~~~~~~~~~~~~~- —~ ~~~~- -~ _ _ _ _ _  -~ ~~~~ —--- -—~~~~- — —

~~~~~~
-
•-~~~~~—--- - i  —- —~~~



: , ~~~~~~.T1 .. - 
-—-. ‘-‘,-—.—--— 

~~~~~~~~~~~~~~~~~~~

eq. (2.5). The ray structure in the slab is depicted in Fig. 2 , wher ei n

rays progressing toward the upper wedge wall (x - d) are identified by the

norma l iz ed phase f unc tion S
1 

and the rays progressing toward the bottom

wal l  are i d e n t i f i e d  b y the phase S ., (see Appendix A ) .

—8—
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3. THE DIELECTRIC WEDGE

While ray opt ical and full wave solutions are identical for the dielec-

tric slab problem , such agreement is not attained for the dielectric wedge.

Maurer and Felsen [16J have effected ray solutions for the wedge geometries

which possess cons tan t  surface reflection coefficients. This enabled the ci—

conal equation of ray opt ics  (see e q . ( A 4 ) ) to be solved by the sepa ra t ion  of

variable technique , as was done for  the d ie lect r ic  slab [16 , 2 4 ] .  U n f o r t u n a t e l y ,

this constraint on the r e f l ec t i on  c o e f f i c i e n t  is not p hys ica l ly  rea l izable  for

the dielectric wedge. In the wedge , complex diffrac tion fields of the same or—

der of magnitude as the ray op t ica l  f i e lds  occur .  These d i f f r act ion e f f e cts are

due to the occurrence in the in tegra l  representa t ion  of double saddle points

and mul tiple bran ch poin ts, which are closely related to caustics and multiply—

reflected lateral waves. A caustic is an envelope of a system of real rays. 4

Lateral waves are waves that transmit energy along a boundary between two me-

dia when a wave in the optically—denser side hits the interface at the critical

ang le; as the wave travels parallel to the boundary in the optically—thinner

medium, it sheds energy back into the optically—denser material by refraction [25].

It has been recognized that the simpler approach of ray optics can pro-

vide impor tan t , thoug h incomple te , information about asymptotic fields. Con-

structs of ray optics and results of a full—wave analysis are rigorously re-

lated [27]. In particular , the ray fields provide argumen ts of the f unc tions

that enter into the uniformly asymptotic descriptions of exact field solutions .

Thus , the method of ray OpticS provides a conven ien t s t a r t ing  po in t  for  s tudy—

ing the wave guidance and radiation properties of the dielectric wedge . Con—

sequen tly,  a review of the ray optical solution is warranted.

-9-
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with these ri ’.’ trajecto ries such that cosw a/r. For observation points

r < a , no real r iv s exist. In t h i s  reg ion  we have complex evanescent ray

solutions [161. By requir ing wedge raYs at r = r
T , 

‘
~ 

= 0, i.e., at the

interface between the slab and the wed ge to evolve continuously from cor-

responding slab rays of incidence ang le W = W
T (see Fi g.  3 and e q . ( 2 . 6 ) ) ,

ge om e t r i c  con s t r u c t i o n  s t i p u l a t e s  tha t

W = 
1 ( a/ r T ) . (3 .8)

It is apparent that each modal solution in the slab corresponds to a

set of rays in the wed ge wh ere each set is associated w i t h  an eigenvalue

a = a which defines a cylindrical caustic r = a .  Since we are considering

only the lowest order mode in the slab , we need onl y consider one modal set

in the wedge or a = r
T

cosw
T
.

To comp lete the ray optical description of the field structure in a

dielec tric wedge with surface impedances which insure constant reflection

coeff icients , the amplitudes of the wedge rays must be ascertained . These

amp litudes were found by r e q u i r i n g  e i the r  conserva t ion  of energy in a ray

tube [20,24] or by solving the lowest order transport equation (AS)[lbl . Con

sidering only rays propagat ing  in the (‘-r) d i rec t ion , i . e . ,  toward the t ip

and assum ing C
1 

— —C ,, — C in (3.5), the electric field can then be shown

to be expressed by

E — E+ + Ez z z

where

-\ 
— j k  [ ( r ~ — 1 2 )  — a cos ( a i r )  ] ± j k ( a i ~+ o)  ( 3 .9)

~
‘ ( r  — a~) ‘

—Il— j
L ~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .~~~ 



r 
- - -

the ‘ t ’ii’.’ .i ht~’s a — a ire spec i t it’d by ( I. o) and ~ire re~ , i t e ’d to lb ray

d i r e c t  ton s  I’ v ( . . ~‘he ’ i rh i t  r~i rv coits t an c in I f o l l o w s  d i r e c t  Iv

lw r eq u i r  I r i g  cout m u  i t  v ~ f p ha se  a c ro s s  r he t r a n s i t  ion r~’g i o n  i t  r — r

— 0 in the l i m i t  of s m al l  ( s e ’e Fi g.  ~) .

P . PIane~~~i’.’~~jn~~’’ra [ Solut ions When ~e t  l ..’ct  I o n ‘~‘ e t f i c i e n t s  Ar.~-’
Angu I a r~~~~~~~~dk’nt

:~ modal r,tv ~1 ’scr i pt ion of t h e  f i e l d  in a c h l e t e ’c t r i c  wedge with c o n st a n t

r e f l e c t i o n  c o e f f i c ie n t s  a t  the a i r — d i e l e c t r i c  i n t e r fa c e s  and (or p r op , iga~ ion

t owards  the  t i p  in the reg ion r
~ 

r a , — ‘~ ~/2  has been ob t a i ne d

(see .9) , I t  is . ipp ar en f r o m  ~, 
0 ) t h, i t t he f t c ’ 1 d a m p l i t u d e  and hence

energY d e n s i ty  become i n f i n i t e  as r -‘ a .  This be h a v i o r  is also i n d ic at e d

by the e’o ny e’rgence  of ra tubes .tt the  c v i  indr1~’~i I c a ust  t c s  r a m . Titus ,

s imple  geomet r i c  opt c argumen t s  break down .und indicates that a more un formly

asvinptot  ic f o r m u l a t i o n  of the m o d i l  f i e l d  so lu t  ion in the  wedge is r e q u i r e d .

In the  i n teg r a l  f~ir mu 1a t  ion by M aurer  and ~ iwiak  I IQ , 0 1,  m u l t i p l e  Li-

te ra l w av e— t vne ~lj f f  r .tc t ion ef f~ c t s Sir e m ica ted 1w the  oc ct i r r ence  of mu i t  i p le

br an ch ~ e’ tn t  s in the  ~ingu lar  I v  dep e n den t  reflect ion O O e ’ f t c  lent s . At tempt  ing

t o  i so l a te  the individu al l.tteral waves and their reflections wits not p o s s i b le ’

since  the i n t e ra c t  ion of the  b r anch  po in t e f f e c t s  wa s f~~uud to he important

I .  e’ . they  c o u l d  not be t r ent ed  as i s o l at e d  hr . inch p o i n t s .  rh e’ overa Ii of f c c

con Id  on lv b~ accounted for  by numerical i at t’gr ,l t i on  techniques. A re formula—

t ion of these p lan e i:ave integra l representat ions Is g i v en  he low .

To J u s t i fy  the postulated ;o r m  of the  integral rt ’prost ’ntat (oti s for

the inoda I fi eld on the  surfac~’ ~ f ,i cite lec t r Ic wedg e’ ( s e t  I . ~~~ .uIId • i~ •

cons  t d e’r two pl ane  wav e’ so tu t  ions to  the  two—dimens (ona l sca l.i r wave t’qtkl—

t ion wh Ic it .i ri’ assumed to I’ rop .ig.it e in t i le’ +v d [ret ’ t io n .

— 

- - - ‘  -~~~~~~~~~~~~~~~~~~~~ -— ---~~~~~~ —-~—.~~~-“~~~~~~~~ - - - --~~~~~~~~~~~~



+ — + j k x  
— 

—jk x ik
~
y

E = E + E = (A o + A e - ) e - ( 3 . 1 0 )

where k = ~ — k > 0. dv transforming this solution into polar coor-

dinates via the relations

x = r cos : v = r sin~

k = k cos ~ k = k sin ix y

we obtain

E E+ + E = A~ 
—j kr COS ( + ‘ ~— : )  

+ A e
_j kr cos(~ +~ ) 

(3.11)

Eq. (3.11) represents two plane waves which  progress  in the d i r e c t i o n s

*1 + ~~ and —
~~ toward the or ig in  in xy— space , respective ly .

A more general  solut ion to the wave equat ion can be cons t ruc ted  by

superposi t ion [2 6 ) .  Hence , we may wr i t e

A~~(~~) e j k r  c05
~~~~~~

_
~~~ dcc (3 .12a)

and

E = )  ~2 A (n) ~~~~~ 
cos (ct~~~) 

d~c 
(3 . 12b )

with A (ct ) an ana ly t ic  f u n c t i o n  dependent  on ~t .  E
+ re p resen ts a bundle o f

plane waves propagat ing in the d i rec t ions  ~ toward the upper

wedge air—dielectric interface; E identifies a set of plane waves progres-

sing toward the lower wedge wall in the directions ~~~~ -~~ ~ .
~~

- ~2

*Spec ification of wave motion toward the orig in is relevant in polar coordi—
nates since our main concern is with the effects of wave guidance toward the
tip of the wedge,

— 1 3—
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In an unbounded domain , s o l u t i o n s  to the  wave equa t i on  in polar  coor-

d ina tes  are of the  f o r m  f 2 ~ J

E = (kr ) e~~~ , ( 3 . 1 3 )

where v is a separation constant and ( k r )  represents a general cylinder

f u n c t i o n .  For waves a p p r o a c h i n g  the  o r i g i n , becomes a Hankel  f u n c t i o n

of the  second kind whose i n t eg ra l  r e p res e n t a t i o n  in the  comp lex W ’_ space

is

H~~~~(kr )  ~ e~~
i
~~ 

cos w ’ ika (w ’ - ~/2)  d~~’ (3.14)

where v has been set equal  to ka and the pa th  P 2 is de f ined  in Fig.  5.

The ray optical interpretation of the asymptotic form of solution

(3.13) with given by (3.14) and ‘a—positive is dep icted in Fig. 6. As

illustrated , rays are trajectories orthogonal to the wave fronts and tangent

to the circular caustic r = a . Since our wave bundles (3.12) also approach

the origin and we expect produc t separability as in (3.13), let us assume

tha t  the angular  dependent  c o e f f i c i e n t s  in E can be expressed as

- j ka ( -o’/~~) +
— B e ~ 

- ‘  
, B independent of  ~a. ( 3 . l 5 )

Subs t i tu t ion  of (3 .15 )  into ( 3 . 1 2 a )  and ( 3 . 1 2 b )  g ives

— 1
— 8+ e~~

”
~ 

cos(1+ct—p ) + Jka (a— :~/2) da ( 3 . l b a)

E = 3 
- — J k r  cos(a+~ ) + j k a ( a — ~L 2 )  

d~ (3. 16b )
Ct 1

— l - ~i—
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i rom ~~~~ , i t  is  c e ’,lr  t hat  the coordinate is :~o r c’ c~’n v e t l t t ’nt than the

~oorJ m at e .  ~~ i t  t r i g — — 3 2 reduces  . I oa )  and ( 3 . 1 t b  1

- ~~ 

-~~2 -j k r  s i n ( \ - ’ ) + jk,i t t -  2) 
da ~3. 17a)

— B -j k r  sin ~~t~~~) ÷ jka~~ -~~ 1) d~i ~~. l 7 b )

As in 3 . 1 1) , the  ‘~—depe n d enc e  can  be i s o ldt e d  by i n t ro d u c i ng  the  t r a n s f e r —

mat ions w — a — ~ i t-i E+ and w — a + ~ in E hencez 1

E~ — B~ ~~~~~~~~~~~~~~~~~~ 
,-Jk r  sirncf Jk ~~w , ,  

p

and

2 — i k r  s inw+ j kaw
E — e 

ka( ~+°) / e dv ( 3 . l S h )

At the  uppe r wedge w al l , i . e . ,  when ~ — ,~. 2 , the m v  bundle  in c, 3 . i 8 )

r e f l e c t s  in to  the ray bundle  E as shown in F i g .  7 .  Fr om the geometrY we

see tha t a var ies  in (3 . lSa ) between — w — :~. 2 and -~~~ — “T 
+ ~ / 2 , wherer

is equal to the angle of inc idence of the plane waves in the s lab , and

in (3.  I Sb )  between a , = w~ — and i~~, — 5
T 

— 

~ 
Hence over region 1 , ( Se e

Fig.  ‘ for  s p e c i f i c a t i o n  of reg ion  1 on the upper  wedge will ) , the field is

given by

+
— E

1 
-t- ~3 . l ° )

where

— 15—

-

- -~~~~~ -- _ ‘_ ~~=
_ _ i  

_~~~~~~~
:

_

‘~~~~~~~~ L__ _ 

_ _ ________ ~~~~~~~~~~ g



_ _ _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -~~~ -- -------~~~

- 3+ -j k a ( : - ~ ) / 2 , 
‘

4
T 

ej k
~~ 

- jkr sinw 
dw 

(3.19a)

and

E — B e
_jka + ’2 jkaw — j k r  5 m w  dv (3.19b)z l

T

Fur thermore , B
+ 

= B .  This follows from symmetry by noting that , fo r  cx —

citation of the wedge by a symmetric slab mode , the f i e ld  over the top and

bottom surfaces of the wed ge (
~ 

= +-‘/ 2  and —~~/2 , r e spec t ive ly )  must  be iden-

tical. Consequently, the incident wave bundle E~~ illuminating reg ion I on

the  upper wedge surface equals the field E
1 
which illuminates region 1 on

the lower wedge sur f a c e , and both  are superpos i t ions  of p lane waves which

span the angular range W
T 

— 
~/ 2  < ~ < + S/2 . Hence , from eqs. (3.lSa)

and (3.18b), B
+ = = 

~ l and we may write for the field over region 1 on

the upper wedge wall (~ = 3 / 2 ) :

E
1 

- B 1 e 3~~~~~~~~
/2  
/f

~T ( 1 + r~) eJkW~~~ dwJ (3,20)

where the reflec tion coefficient on the upper wedge wall is g iven by

-I- - + -jkaS
— E 1 I E 1 = e £

T 
(3 .2 1a)

and

W ( w )  — a w —  r sinw (3 .2 1b )

Eq .  (3 .2 1a)  also fol lows from the modal resonance relation (3.6) for the

lowest order mode (m = 0) .  Furthermore , fo r small apex ang les 3 it follows

from (3.8) and the relationship sin 3/2 3/2 = d/r
T that expression 

(3.2la)

— 16—
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r e d u c e s  to e q .  ( 2 . 7 )  w i t h  .~ t e n  h’.’ the F r es n e l  polar ~~~ ion  dependen t

reflect ion coefficient t2. 0) .

rhe  i n t e g r a l  r e p r e s e n tat i o n s  f or  the :na .~n e i i c  field components follow

directl y f r o m  M axwel l ’ s s o u r c e  f r e e  e q u a t io n s

H — 4— -~ — -- E , U = — —i---- ~-~— ( 3 .  2 2 )r j~~, . r  ‘ - .~ 
- j~~~~-r z

App ly ing  ( 3 . 2 2 )  Cc th e  integrals (3.la ) and (3.17b) and fu l l o w i n c  the  same

procedure which led to obt ainin g ( 3 . l S a )  and ( 3 . l S b )  r e s u l t s  in g i v i n g  for

t he r~~gnet ic  f i e l d  components

+ - -~ —
h
r 

— H
r 

H
r , H0 = H H0 ( 3 . 2 3 )  P

w ith L

+ ‘
+ “ B jk~~(~~) —jka( ,’2—~~

)
H — — — cosw e dw e (3. _3a)
r

-:

H = ~~ cosw ~~~~~~~ 
- j ka ( / 2 + H ) ( 3 . 23 b )r

:~ ,+~-

and -

• —c
+ / 1

= 
( p— ~ s inw ej

~~~~
l
~

) 
dw e

_j k a
~~~

’.1
~~~ (3 2 3 c )

~. _ a
1

- 
~~ /0

2
~~~sinw ~~~~~~~ dw~ e

_
~

k3 ’.1
~~~ (3 . 23d )  

-

~~

where ~ (w) is given by (3.21b). Hence , for ~ = 3/ 2  and i l l umina t i on  over

region 1. (3.23) reduces to

- -~~~ -- —— - - —— ~~~~~ - — —  ~~~~~~~~~~~~~ - - ~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- -



H - ~ , -j k a ~~~- )  / 2  1 cosw - (3 .  2~~a)

and

H 1 

B ( -~ k a ( ~~~~~ , 2 
~~~~ [1 + 

~~~ 
jk~~(x’) (3.2~ b )

where use ~as naLt e o: the fact that B~ = H — H
1 .

rhe su r f a c e  f i e l d  components  s p e c i f i e d  by ( 3 . 2 0 )  and (3.2i4), howev er ,

do tot represent the actual ph ysica l situation. If we now assume tha t  the

r e f l e c t i o n  c o e f f i c i e n t  is angular dependent and given by (2.9) with v 1 re—

placed by w. we ray rewrite (3.20) and (3.2~~ ) as

E
l 

- 

~~ ~~~~~~~~~~~ + ~(w)~ e~~~~~~ Jw ~3. 5a)

4
H 1 

- ~~ e
jka -5)/2 

, T  

cosw [1  - ~(w)]e
3
~~~~~~ dv ( 3 . 2 5 b )

and

~~ e 
1 _ 5 )~~~~~~~

f T  s l o w  f i  + r ( w ) ] e~~~~~’~ dv ( 3 . 2 5c )

The t h t e~ r a l  express ion ( 3 .2 5 a )  agrees w i t h  eq. ( A )  of [2~t }, which  was de-

rived by inferring the integral expression from a ray optical development

whe reas in (3.25) the development follows from a finite superposition of

plane waves following the ray  trajectories.

In order to  understand how the signal illuminates the entire wedge

surface, it is necessary to track the wave bundles as they progress along

—lS— 
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the wed ge toward the apex. Consider the situation of once reflected beams

and illumination of region 2 on the wedge air—dielectric interface (see Fig. I 
-

7). From geometric construction , upgo ing p lane waves E+
2 

which illuminate

reg ion 2 are confined to the angular directions W
T 

— 38/2 < ~ < — 8/2,

whereas re f le cted waves E
2 are confined to the directions w

T 
— 58/2 < ~

< w~, — 3°/2 . As a consequence , eqs. (3.l8a) and (3.18b) take the form

w- 8

E~ = B~ e j ) 1
~
’2 

~ 
T 

e
jkW

~~
7’) dw (3.26a)z2 2

W
T

_2 8

and

w - S

E = 3~ e
_ )ka(ll+

~~
’2 
(
T 

ejkW(W) dw (3.26b )z2 2
W
T —2 3

where W(w) is given by (3.21b). Hence, at 0 = 8/2 along region 2 in Fig.

7, the surface illumination from the beam progression toward the tip is

given by

E = E~ + E = B e_jka~~~ 8~~
2 (

T 
+ ~~ e~~~~~~ dw (3.27)z2 z2 z2 2 

~~—2B 
2

with reflection coefficient given by

= e
_jk a

~ (3.27a)

and symmetry requiring that = B
~ 

= B~~.

In order to relate B to B , the observation is made that E waves2 1 z I
incident on region I of the lower wedge air—dielectric interface span the

angular directions w
1 

— 8/2  ‘ < W
T 
+ 8/2 and reflect as in direction

—19—
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W <  W
T~

The remaining field components can be inferred from (3.25) and (3.32).

Hence ,

2N 2N

H = ~ H , H
0 

= Z H
0 

(3.35)

n 1  n= 1

with

w

H ~~~~~ e
_j

~~ ~B~~’2 T 
cos ~ [1 — i’(w)l 

F (w+tn~) eJki~~ l) dv

T (3.35a)
and

WT (n l)8  1

~0n = ~~ e
_jka /2 

f 
j w [1 = F(w ) 1 

‘
~~ _L ___ -__

W fflO T (3.35b)

The above expressions, eqs. (3.34 ) and (3 .35) ,  are assumed to give the

surface field at observation points r < a , i . e . ,  in the region shielded by

the caustic . The justification for this assumption is that complex dif-

frac tion e f fec ts take place when the incidence ang le w passes the critical

angle 0 which is given by = sin~~~( 1/ v’E) and corresponds to a branch

point . The integration paths of (3,34 ) and (3.35) encounter multiple branch

poin ts tha t are in troduced by the mul tiple reflection coefficients in the

incegrand. These branch points establish lateral wave—types that consti tute

the domInant field within the caustic 124 1.

Although the integration paths lie in the range _W
T 

< W < W ,~~, numerical

evaluation of (3.34) and (3.35) as well as experimental evidence have in-

dicated that no measurable energy is reflected back into the slab . This

—22-.
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results because the reflection coe~~ icienrs have magnitudes less than or

equa l t o  u n i t y  m d  as more and more of these are included in the integrartd ,

they  reduce i t s  magn i t t i de  r a p i d l y a f t e r  the  c r i t i c a l  a n g l e  has been passed. 

-~-_--i~~~ & 
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~~~. THE FAR FIELD

Using the theory presented in Section 3 , the tangential electrotnag—

netic field components can be calculated at a suitable number of points

along  the su r face  o f a g i v e n  wed ge. From the results of Section 2, the

evanesc ent field external to the slab can be determined along .i h y p ot h e t i c - i l

wedge boundary extending out to infinity radiall y, as diagramaticallv il-

lustrated in Fig. 8. These radial lines , in conjunct ion with a circular

path at infinity, enclose a doma in D , occupied by f r ee  space wh i~ h ic

external to the diolectric slab—wed ge radiator. Since domain D contains

no sources , ICi rchhoff—Huygen diffraction integral can be applied to find

the fields radiated into the region D in term s of the t a n g e n t i a l  f i e l d s

on the  boundary of D , designated 3D 1, I = 1 , 2 and ~~~, in Fig. S.

In f ree  space , the  radia ted  e lec t romagne t ic  f i e ld , E ,, ( r )  s a t i s f i e s

the two—dimensional  wave equation :

+ k 2 ) E (r )  — 0 ( 4 . 1 )

where E ( r )  is the rad ia ted  f ield , r is the posi t ion vector  to some point

P in D where the f a r  f ield is to be determined , and k is the free space
0

wave number. Let C s a t i s f y  the equation

(V 2 + k 2 ) G ( r , r ’)  — — ~S ( r  — r ’ )  (4.2)

j where 5(r — r ’’) , the  Dirac Del ta  f u n c t i o n , represents  an i n f i n i t e s s i m a l

poin t source of unity magnitude at r r ’ . By f i r s t  m u l t i p ly ing  ( 4 , 1)

by C0 and (4.2) by —E (r’), subtracting the two , then integrating the re-

sultant expression over the surface enclosing D and u sing Green ’s second

— - — -

~
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identity in two d imensions , it evolves that the far field can he ob ta ined

from the expression

3E (r ’) 3G (r ,r ’)
E (r) — ~~{G (r , r ’)  Z 

— E (r ’)  —p- — —I d~~’ , ~4 . 3 )
2 —  o — —  3n z -- 3m

where n is the  u n i t  normal  to ~he curve C po i n t in g  into the enclosed area D

and thY is an element of arc length oti C. Clearly , (.~. 3) is an integral

so lu t ion  fo r  the f ar  f i e l d  H ( r )  In terms of the  boundary  va lues  F ( r ’)
2 —  - —

and the Green ’s function G (r ,r’). Since the two—dimensional radiation

condit ion ensures tha t  the c o n t r i b u t i o n  f r o m  the  bound ary  of D a t  i n f i n i t y

vanishes and s ince  the evanescent  f i e l d  dec iv s very r a p i d l y  a long  the  hypo—

t h e t i c al l y extended wedge s u r f a ce ,  t he  i n t e~ r a1  (~~.3) needs to be evaluated

only a short d i s t ance  past the  in t e r f ac e  be-twe~ n the wedge and the slab .

The solution to ( 4 . 2 ’)  is a llankel f u n c t ion  of  the f i r s t  kind 12 5 1

C a 4- H~~’~ (k R) , R r-.r ’) ,

which in the far field (large kR ) asym ptoticall y reduces to

j ( k R + rt/24)

C0 (r , r ’) -~~ e (-4.5)
( 2 rlk R)

Since in the far field R is approximately parallel to r , it follows

from geometr ica l  considerat ions (see F ig .  8) that

r + r ’ cos (~ + ~/ 2 )  r + r ’ sin (u’), (4.b)

where is the angle measured from the forward direction , i.e., f r om the

pos itive y axis , -~ is the apex angle of the wedge , and u Is the angle



I

— between the normal n to the wedge surface and position vector R. The

normal derivative of the Green ’s function can then be shown to take the

form

— = — -— —  — k cos(u)G ( 4 . 7 )
r 3 ~ 0 0

wi th  G given by the asymptotic form (4.5).

From Maxwell’s equa tion In cyl indrical  coord ina tes , the normal deriva—
U

tive of the tangent ia l  e lect r ic  f ie ld  is re la ted to the tangent ia l  magnetic

field by the expression

3E
= n . = ~L —i = —jwp H (4.8)

— z r o r

Combining ( 4 . 7 )  and (4 .8)  with (4 .3)  g ives the radiated fa r  e lectr ic  field

E
2

(r ) 

J 

jk~G [cos(u)E
2 — 

~~ 
H
r
] dr ’ (4.9)

and 3D
2

In (4.9), the integration ranges over the two segments 3D 1 and 3D2 
defined

in Fi g. 8 , C is given by (4 .5)  and (k , n )  are the wavenun,ber and the in—

trinsic wave impedance of free space. The integration of (4.9) is carried

out along both wedge surfaces. As will later be discussed in greater de—

tail, Ronmberg ’s method was employed in the analysis of actual wedge prob—

lems,

______
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5. NU)IERICAL R ’St !IJS

rhe wedge an t enna is complete lv character iced by three parame or s

k d .  the r e l a t  ive h a l t — w i d t h  of t he  s l ab  w i t h  respect to the free sp ace

wavenumht’r k , k • the tel at tve length of the wedge and , the re 1 at I ye
0 0 r

permit t iv it v of the antenna ~a or i at . ~hose va 1 ucs are varied so as o

determine the effect each has oi both t h e  surface field m d  the f am - t told.

In addition , surface and fa r  f i e l d s  are calculated for two antennas with a

relative perm ittivi tv of silicon , — 12 .  For these  two an t en n as , our
r

t heo re t i ca l  r e s u l ts  are compared with an a l t e r n a t i v e  appro ach  based on the

local mode theory  [ 1 1 1 .  The s i l i c o n  material with 
~ 

— 12 is currentl y un-

der study for use ~n millimeter—wave transmitters and receivers being de—

veloped by the t’.S. Army . The antenna p.~Lr~tmeters c camitwd ate listed in

Table 1, with identifying letters A through L. Also included in this t.ihle

are the values of W
T~ ~ and ka .  The angl e w

T 
is the inciden t angle for

the plane waves In the slab which excite the wed ge. Recall that the range’

w ‘- w
T 

specifies the i n t e g rat i on  l i m i t s  fo r  the wedge s u r f a ce  fields.

The parame ter :~ is the apex angle of the wedge and k is the locat ion  of the

caustic relative to the fret’ space wavenumber. Antennas J , K , and L are of

par ticular interest because of the availabilit y of emp irical data collect ed

by Maurer and (‘.open [211 . The material used in the experiment was r ex o l i t e

with a relative permittivitv c
r 

a

In Section •~ and in eq. (-~ .~~~~~ it was shown that .i far field e v a l ua t i on

requ ires first calculating the field component s  E and H
r 

along the planar

surfaces 3D
1 

and 3D , ,  iden tified in Fig. S. Ph~’stcall v , these surface field

components must he continuous a1on~ and ?n ,. Hence . we imposed the con—

Li - - - ~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —~~~~~~~~~~~~~~~~ -------— ~~
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dit ion that the electric field on the surface of the dielectric wedge be equal

to the electric field in the evanescent region of the slab waveguide at the

trnasition point r r
T. ~/ 2 , i.e., we equa ted (3 .33)  to ( 2 . 3 ) .  The

small discon t inuity in H
r across the transition point was found to be accep-

tab le (see, for example , Fig. 13 through Fig. 16). In addition , it was con—

venient to normalize the surface wedge field by setting the multiplicative

factor in (3.32) B
1 exp [—ikaCT — f/2)],to unity.

A. The Surface Field

The relat ive magnitude (in dB) of the surface electric and magnetic

tangent f ie lds  as wel l  as their respective phases are plotted versus the nor—

malized coord ina te k y’ in Figs. 9—16. Values are plo t t ed  from the tip

(k y’ — k r ’ ), past the transition reg ion ( k y ’ a 0) and extend into the

evanescent region of the slab waveguide. The phase difference at the apex

of each antenna is normalized to read Lull radians . In Figs. 9a and 9b and

Figs. 13a and 13b , the wedge length is increased while k d  and C
r 

are held

fixed. Figs. lOa and lOb , together with Figs. 14a and 14b show the effects r
of changing the relative slab width k d  while Figs. h a  and llb , with Figs.

ISa and lSb depic t the surface field as c is changed. In Figs. 16a and

16b , the surface field for two antennas with a 12 is presented. How

these changes affect the far field will be discussed shortly.

Of particular interest is the phase velocity V h l  along the wedge

surface in the y’—direc tion (forward direction). In order for a wave to

be launched from the wedge in this direc t ion , the corresponding component

of the wavevector k , must equal the free space wavenumber k (this follows

from Snell’ s law). The wavevector k is derined as the spatial gradient of

—28—
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the phase of the wave function (in our  case , H ) . Since k , v ’ .

where v ’ is a u n i t  vec to r  in the posi t ive  y ’ — d ir e c t i o n , we may formulate

the r e la t i o n

k , — k — -—
~
--

~~ 
(ARC (E ) — k v ’)  ( 5 . -~e )

y 0 z 0~

wher e y ’ — r
T 

— r ’ . When th i s  qu a n t i ty  is zCro , the  s u r f a c e  wave is launched .

Graphically , this is determined by p lotting the function Ar~~(E~ ) — k0v ’

and noting that when the slope is zero the surface wave enters the ‘f ast

wav e ’ reg ion and radiation becomes possible. This condition is illustrated 
U

in Figs. 9b , lOb , l ib , and l2b .

B. The Far Field

As the length k~~ of the antenna is increased (see Figs. 9 and 12~

there results an expansion of the spatial interval on the surface of the

wedge over which the surface field has a phase velocity in the ‘—d irection

equal to the speed of light. Consequently, one expects enhanced radiation

capab ility. In Figs. 17 through 20 , the direc tive gain 
~~ 

is plotted versus

the angle ~ , which is defined in Fig. 8. For two—dimensional geome tr ies ,

the direc t ive gain is given by

— 2’rrS~ /P d 
(5.Sa)

where S
r 

is the real Poyn ting vec tor in the radial  dire ct ion , expressed in

terms of the far electric field by S
r 

= IE 1
(r )

~~ / f l ,  no 
= ~~~~~~~~ the

intrinsic impedance of free space , and 1’rad is the power radiated by the

ant enna. From Fig. 1 , it appears that a larger value of k0
Q leads to more

power in the forward directIon .

— ~~— - 
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BY dcc reas inc he w u t  h k d  of t h e  antenna , the end : ire :h~m rac ten s—

t i c s  ar e  also imnro~-ed . ~hus  • t n  F [~~. IS , antenna has m er e  Jirectivi tv

than either antenna C - ‘r 7. rhi s is  n o s t  l i k e l y  due to the  t a c t  that an—

tenna H ~essesses .i l~ir~ er ‘fast w av e ’ region alonc the ;edge s u r f a c e  than

either antenna C or 7, as is evident from Fig . lOb .

ta Fig . 1°. the relat iv e  ~erni tt ivi tv is varied. 7ecreasing this
- r

parameter also increases the size of the f i s t  wave reg ion  ~see Fig. llh~

and thus  an t e nn a  C has better pronagat inc ch ar i ct oristi c s than either E or

F .

Fig. 20 demonstrates tha t directive antennas c o u l d  he designed with

s i l i c on  
~r = 12 however , they would have to he very l o n g  or very nar row .

it was m Isc observed that slightly changing the  f r e q u e n c y ,  w h i l e  not

affecting the main beam , can increase or decrease  the  side and hack  lobes

3i gn i ricant lv , lndicatin~z that a more desirable c o m b i n a t i o n  of k d .  k ‘~~,
0 0

and c can be fo und fo r  a g iven  ap p l i cat i o n  at a given f r eq u e n c y .

The directive gain for antennas H and I, with c
r 

a 13,are compared

to patterns generated by a local mode approach [ii 1 in Fig. 20. In the

end—tire direction , the two methods give comparable values for the gain

function. When 500, the local mode theory yields results which de-

crease more rapidly than the plane waves approach: however , for these oh—

serva tion angles , the gain is already 0 JB below its maximum value .

In Figs. 21 , 22 , and 23 . experimental results [31] a re  compared

with theoretical ones. The normalized c o o r d in a t e  k v ’ has its origin in

the wedge surface at  the  t r an s i t  ion region r ’ r~, (see Fig. 5) and is

—30—
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dir ect c d t n ~~m r . ~ the wedge :~~~. rho ~a r a n e t er  k ~s he f r e e  5p J c e  w~mvor.unl’er .

The curves it e no r~ .m i zed so h i t  ho e x p e r i m e n t a l  and t i t c r e t  i c _ i l ~‘a 1 ues or

t he p eak  f t c  d~ c o i n c  id e .  N e m r  t eL l  ex p er i n e nt a l  values were measured ~n~—

p r o x i m a t e l y  one n i l  ~m e t o r away f r o m  t h e  w e dg e  surface . The s ma l l  fluctua—

ions or rio; ~lec on t h e  c x ’ o r i m e t i t a i l v  determ ined curves in Figs . 2 1— 21 ire

most I ike v du e  to the orosenc o of at  an d t u g  waves h~ tweon t h e p r obe a n d the

.m: ~sor b i n g  m a t e r ia l  s u r r o u n d i n g  the  wed ge and probe  in the ;aralle i—2l~m te ex-

periment al setup [ n I .  As is ev i d e n t  f r o m  each  of the figures , the experi—

mental values di p do~~ ward across the transition region , w h i l e  the  t h e o r e t i ca l

va lu e s  tend to tilt upward. Th~’re appea rs to he ~i discrepancy of about f o u r

to :ive JB between these two r e su l t s .  I t  ought  to he po in t ed  out  t h a t  t h e

l ocat ion of the wedge , relative to the  e x p e r i m e n t a l l v — d et e r r i in e d  s u r f a c e

f i e l d  va lues , was d i f f i c u l t  to ascertain from the experimental setup * and

t ha t  an avor ice value was used for the relative pertnittivitv of rexolite.

The t h e o r e t i c a l  curves , n o n e t h e l e s s , do ex h i b i t  the c o r r e c t  shape fo r  the

s u r f a c e  ele ctric f i e l d , i.e., a nonotonicallv—increasing amp litude which

peaks and then falls as the ti p is approached .

r
*T u : o r t t i n a t e lv , the e x p e r i m e n t a l  setup has been di sman t l ed , which prevented

the mea surements  t o  f u r t h e r  s ub s t a n t i a t e  t h e i r  v a l i d i ty .

— 1 1— 
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CI~NC IJ_ S ON

A theory has evolved which appears to vie Id in ap p r o x im a te  solution

for the surface field on a dielectric wedge . Fht surta ce field exhibits

meaningful p h y s i c a l  c h a ra c t e r i s t i c s  such as ma gnitude which peaks and m

ha se  v a r i a t i o n  which pr ed icts l a u n c h i n g .  The analysis is ver Y genera l

and can be adap ted  w i t h  re l a t i v e  ease to  a v a r i e t Y  of two—dimensional

tapers such as wedces with curved boundaries. In a d d i t i o n , certain three—

dimensional ~zeometries such  as c on es or pvr amida1—cv ~ e structures mi ght

be amenable to such analysis.

-~ 2-
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APPENDIX A. RAY_OPTICS

The m v  optical solution to the reduced wave equation

L 

tI ’ + k2 ) u ( r )  0

is sought .  The q u a n t i ty  k c / 1 denotes the wavenumber of a
0 it r

homogeneous lossless dielectric of relative dielectric constant c
~~

. A

t ime dependence of exp ~-iwt) is assumed and suppressed. To obtain a

unique so lu t ion  of ( A l ) .  e i t h e r  the  t an g e n t i a l  e l e c t r i c  and magnetic

fields at the air—dielectric surfaces must he continuous or the t angen t

electric field on the boundary must be linearly r o l a t e d  to the t a n g e n t

magnet ic  f i e l d  ( the  so—called “ impedance boundary  c o n d i t i o n ”) which  can

be expressed by the  relation

~l ( r )  3u ( r )
— ik  u ( r )  -4 S — — 

0 on B I.A2~n ~v

where u is the outward normal to the boundary surface B , n is the intrinsic

impedance of the dielectric , Z (r) is a surface impedance , and u(r’) repre-

sents the transverse electric field component E .

Following the development by Maurer and Felsen [161 , a geometrIc optic s

so lu t i o n  for  large k of the form

N ikS ( r )

~ A (r )  e 
—

p
~~

1

is assumed . Each species (denoted by p ’t has an amplitude A ,tr ’ ) and .m

normal ized  phase S (r ) .  In se r t i ng  (A I ’) i n t o  (Al’) and equating to zero ,

—

.—e-’ --—— — — —, — - 
~~~~~~~~~~~~ - =-— - - -—- - — — ~~~

_ — - - —i- — -r



the coefficients of the K2 and of the k terms give , respectively,

( ~7 S ( r )  )~ ~ 1 (A4 )

and

2 17 S ( r )  . P A ( r)  + A ( r )  V 2 S ( r )  0 (A5)

for any species p. Eqs. (A4) and (AS) are , respective ly , the ciconal and

transpor t equa tions of geometrical optics. Their solutions provide ampli—

tude and phase variations of the rays. It should be emphasized tha t ray

solutions are only asymptotic expressions and are not full wave solutions.

One way of explaining the accuracy of a ray solution is to compare it with

the asymptotic form of a full wave solution .

Substituting the ray solution (AS) into the boundary condition (A2)

yields

~~ ik S (r )
Z e A (r)  1-’ 1 + 

~
) ~ 0 (A6 )

p
p
~
l

Eq. (A6 ) can be satisfied by postulating the pairwise vanishing of terms

so that

i k S  3S 
- 

i k S  I 3S
e ~ [A J [~Z9

(r) -
~

-j
2 — l~ + e q [A

q 1~ Zs(!.) ~ 
— ‘j = 0

on B (A 7)

Equating phases of the exponential terms in (A7) yields

k S  k S  + 2flnu o nB , (A8 )
p q

—37— 
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2m11 -where m is an integer  such t ha t  i n i t i a l l y  —k—- is ot order 1. From the

elconal equation (A4 ) and boundary condition (A8). it can be shown that

on B (A9)

The minus sign enters into the above equation because reflection takes

place at the boundary. Using (A8) and (A9) in (A7) gives

A = P A  o n B  (Al O a)q p

where

________________ 
(A lO b )P —

1’ is recognized as a reflec tion coefficient and Z
5/n.

If the reflection coefficient is constant on the boundary B , it is

possible to cons truc t an al terna t ive forma tion wi thout des troy ing the

specular reflec tion condition (A9). In this formulation , the phase of F

is incorp ora ted in to the phase function S rather than being totally as-

sociated with amplitude terms as was done in (AlO). Rewriting (AT) in

the form

1k S ik S iargF + ik S
A e q 

— A F e A F~ e 
- 

, (A l l )q p p

wi th ~ defined by (AlOb), leads naturally to the relations

A A F~~, k S — k S + ar g  I’ — 2mfl. (A12)q p 1 q p

—38—
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If , furthermore , I n  1 , then arg F —i Qn F and (A12) reduces to

A = A  , (A13a)
p q

k S  — k S  + i Z n f’ + 2m11 (A13b )
p q

where m is an integer.
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APPENDIX B. COMPUTER PROGRAM DOCUMENTATION

A. Surface Field

Two computer  programs are used to compute  the su r face  f i e ld  fo r  the

wedge antenna . Sinc e only the tangential components of the e lec t romagne t i c

f ield are requi red to ca lcu la te  the f a r  f i e l d , only ( 3 . 3 4 )  and ( 3 . 3 5 )  are

used . They are repeated here for convenience.

w -n3

E - - E {B
1e~~~~~~~~~~

t2  
~~f 

T 

~~~~~ 
sin w + j  kaw (1 + F(w) ) .

n 1

n-i

II (
L~~~~ 

+ m ~~) ) dw ) (BI)

m ’l

w -n~

H
r 

- ~ ~ ~_jka(fl_~ ) / 2  j  T 
e~~~~ 

sin w + J kaw 
(1 - F(w) ) .

n— i WT 
(t~~ 1) i3

n—I

]~ ~~~~~~~~ 
~~~~~ cos w dw } (B2)

I
m i  T

Program ‘One ’ evaluates the r—independent part of these two integrands,

namely:

( 1 + Nw) ) 

:1  

( r(w +~~~’t) 
~
_jkr sin w iB3)

and

—40— 
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n— I
‘(v + rn~~’t — jkr sin -

— - lv)  ) 
n—1 

cos w (B4)

m 1

as vec to r  q u a n t i t i e s  and s tores these vec to r s  in a d isc  f i l e  as i n p u t

data to program ‘ Two ’ to be i n t e g r a t e d  with the r—dependent parts of the

program. This method is employed since calculating the product of reflec-

tion coefficients is very time—consuming and can be done once for each set

of antenna parameters. —

‘One ’ requires as input : k d  the relative half width of the slab ,

k~~ the relative length of the wedge , and c r the relative dielectric con-

stant. Five values are calculated per ~ rad ians on the real v—axis , start-

hug wi th v
T 

and end ing when the magnitude of the product term is less than

lC~~ since this is the only term affecting the magnitude of the integrand

md has a maximum value equal to 2.

Pr ogram ‘Two ’ computes the surface f i eld for

kr
T

Integer ~ 211 ~ * S + I ‘ (B 5) 
-

points on the wedge surface or 8 points per wavelength in the d ie l ec t r i c

material.

‘Two ’ reads the two vector quantities from the disc file created by

‘One ’ and m u l t iplies each vector  by the a p p r o p r i a t e  function of r and w:

e 3
~~ 

sin w (Bbs )

-jkr sin w

The trapezoidal rule is used to evaluate the integral. The two tangential

— 1 —  
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sur fa ce f ields are in a disc f i le  as inpu t to pro gram ‘Farfld .’

Program ‘Farf ld ’ reads the two tangential surface fields from ‘Two ’

and integrates these vectors in (4.9) using Roinberg’s method of integra—

tion. This requires integrating the surface field using first two points

per dielectric wavelength , then four points per dielectric wavelength , and

finally , eight points per dielectric wavelength. The far field is calcu—

lated for ~ 0 
increments from 0

0 < < 180°.
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FIG. 21. Relative magnitude of the electric field along the wedge
surface and along its geometric extension into the
evanescent region of the slab — experimental vs. theo-
retical results.
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